Abstract. Combining the derivative operator with a binomial sum from the telescoping method, we establish a family of summation formulas involving generalized harmonic numbers.
Introduction
For x ∈ C and l, n ∈ N 0 , define the functions H There exist many elegant identities involving generalized harmonic numbers. They can be found in the papers [1] - [8] .
For a differentiable function f (x), define the derivative operator D x by
Then it is not difficult to show the following two derivatives:
For a complex sequence {τ k } k∈Z , define the difference operator by
Then we have the following relation:
Combining the last equation and the telescoping method:
we get the simple binomial sum:
By means of the derivative operator D x and the binomial sum (1), we shall explore systematically closed expressions for the family of sums:
When x = p with p ∈ N 0 , they give closed expressions for the following sums:
Summation formulas
Theorem 1. For x ∈ C and l ∈ N 0 , there holds the summation formula:
Proof. Applying the derivative operator D x to (1), we achieve the identity:
Letting y = x in (2), we attain the case l = 0 of Theorem 1:
Suppose that the following identity
is true. Applying the derivative operator D x to the last equation, we have
This proves Theorem 1 inductively.
Making x = p in Theorem 1, we get the following equation.
Corollary 2. For l, p ∈ N 0 , there holds the summation formula:
3. Summation formulas with the factor k Setting y = x + 1 in (2) and considering the relation:
we gain the following equation by using Theorem 1.
Proposition 3. For x ∈ C, there holds the summation formula:
Corollary 4 (x = p with p ∈ N 0 in Proposition 3).
Theorem 5. For x ∈ C and l ∈ N 0 , there holds the summation formula:
Proof. Applying the derivative operator D x to Proposition 3, we achieve the case l = 0 of Theorem 5:
This proves Theorem 5 inductively.
Taking x = p in Theorem 5, we attain the following equation.
Corollary 6. For l, p ∈ N 0 , there holds the summation formula:
Letting y = x + 2 in (2) and considering the relation:
we get the following equation by using Theorem 1 and Proposition 3.
Proposition 7. For x ∈ C, there holds the summation formula:
.
Applying the derivative operator D x to Proposition 7, we gain the following equation.
Proposition 9. For x ∈ C, there holds the summation formula:
Corollary 10 (x = p with p ∈ N 0 in Proposition 9).
Theorem 11. For x ∈ C and l ∈ N 0 , there holds the summation formula:
Proof. Applying the derivative operator D x to Proposition 9, we achieve the case l = 0 of Theorem 11:
Applying the derivative operator D x to the last equation, we have
This proves Theorem 11 inductively.
Making x = p in Theorem 11, we attain the following equation.
Corollary 12. For l, p ∈ N 0 , there holds the summation formula:
Summation formulas with the factor k 3
Setting y = x + 3 in (2) and considering the relation:
we get the following equation by using Theorem 1, Proposition 3 and Proposition 7.
Proposition 13. For x ∈ C, there holds the summation formula:
Corollary 14 (x = p with p ∈ N 0 in Proposition 13).
Applying the derivative operator D x to Proposition 13, we gain the following equation.
Proposition 15. For x ∈ C, there holds the summation formula:
Corollary 16 (x = p with p ∈ N 0 in Proposition 15).
Applying the derivative operator D x to Proposition 15, we achieve the following equation.
Proposition 17. For x ∈ C, there holds the summation formula:
Corollary 18 (x = p with p ∈ N 0 in Proposition 17).
Theorem 19. For x ∈ C and l ∈ N 0 , there holds the summation formula:
Proof. Applying the derivative operator D x to Proposition 17, we attain the case l = 0 of Theorem 19:
Proposition 21. For x ∈ C, there holds the summation formula:
Corollary 22 (x = p with p ∈ N 0 in Proposition 21).
Applying the derivative operator D x to Proposition 21, we achieve the following equation. 
